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The convex dimension of k-uniform hypergraphs
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Abstract

The convex dimension of a k-uniform hypergraph is
the smallest dimension d for which there is an injective
mapping of its vertices into R? such that the set of k-
barycenters of all hyperedges is in convex position.

We completely determine the convex dimension of
complete k-uniform hypergraphs. This settles an open
question by Halman, Onn and Rothblum, who solved
the problem for complete graphs. We also provide
lower and upper bounds for the number of hyperedges
of k-uniform hypergraphs on n vertices with convex
dimension d.

To prove these results we restate them in terms of
affine projections that preserve the vertices of the hy-
persimplex, and generalize them to projections that
preserve higher dimensional skeleta.

1 Introduction

Motivated by certain convex combinatorial optimiza-
tion problems, Halman, Onn and Rothblum [6] de-
fined a convex embedding of a k-uniform hypergraph
H = (V,E) into R? as an injective map f : V — RY
such that the set of k-barycenters

f(E) = {;Zf(v);eeE}

vee

is in convex position (i.e. each point is a vertex of the
convex hull of f(FE)); and the convex dimension cd(H)
of H as the minimal d for which a convex embedding
of H into R? exists.

Their article focused on graphs, the & = 2 case.
They studied the problem of determining the convex
dimension for specific families of graphs: paths, cy-
cles, complete graphs and bipartite graphs. And they
also investigated the extremal problem of determin-
ing the maximum number of edges that a graph on
n vertices and fixed convex dimension can have. The
latter problem has been studied afterwards by several
authors, in particular because of its strong relation
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with the problem of determining large convex sub-
sets in Minkowski sums [2, 4], see [5] and references
therein.

For values of k > 2, the only result of which we
are aware of is the upper bound cd(H) < 2k for any
k-uniform hypergraph H, proved by Halman et al. by
mapping the vertices onto points on the moment curve
in R?¥ [6]. The convex-hull of all k-barycenters has
also been studied under the name of k-set polytope in
relation to the study of k-sets and j-facets, see [1].

Our main result is the complete determination of
the convex dimension of Ky(bk), the complete k-uniform
hypergraph on n vertices, for any k, 1 <k <n — 1.

Theorem 1 Given positive integers n and k such
that 2 < k < n — 2, we have that

2k ifn > 2k + 2,
cd(KPY=Sn—2  ifne{2k—1,2k 2k+1},
2n — 2k ifn <2k — 2.

Also, cd(K{Y) =1 and cd(K{Y) = cd(K") =2
for n > 3.

This matches and extends the results in [6], where it
is proved that cd(K,) = 4 for n > 6. Table 1 shows
the explicit values of cd(K,(lk)) given by Theorem 1 for
small values of n and k.
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Table 1: First values of cd(Kék)). Red values corre-
spond to the cases n > 2k + 2 or n < 2k — 2. White
values correspond to the cases n € {2k —1,2k,2k+1},
when k£ > 2. Green values correspond to the cases
k=land k=n-—1.

We provide a polyhedral proof of Theorem 1.
Namely, we reformulate the existence of a convex em-
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bedding of K,sk) into R? in terms of polytope pro-
jections that preserve the vertices of the hypersim-
plex A, i, that is, the polytope whose vertices are
the (}) incidence vectors of k-subsets of [n]. Once
the problem is restated in terms of polytope projec-
tions, we proceed as in the framework used by Sanyal
when studying the number of vertices of Minkowski
sums [8], based on the projection lemma [10].

Let gx(n, d) be the maximum number of hyperedges
that a k-uniform hypergraph on n vertices of convex
dimension d can have. We have gi(n,d) < (}), and
that gr(n,d) = (2) for any d > 2k by Theorem 1.
By combining Theorem 1 and de Caen’s bound on
Turdn numbers for hypergraphs [3] we get sharper
upper bounds for g; when d < 2k — 1, as n grows.

Theorem 2 For 1 <d <2k — 1 we have
gk(nv d) S Cd,k,n : nk + O(nk)a

where cq 1, are coefficients that satisfy:

ey

Finally, we give a lower bound for g; through the
following embeddability result.

ifd>2k—3

lim (1—/€!'Cd,k,n)_1 = ifd <2k —4

n—oo

Theorem 3 There is a convex embedding of the
complete k-uniform k-partite hypergraph K,(Lk%n
into R¥*+1. Therefore, for fixed d > k + 1 we have
that gi(n,d) is in ©(n*) as n — occ.

2 Projections that strictly preserve the vertices of
the hypersimplex

In this section we reformulate Theorem 1 in terms of
polytope projections that preserve vertices.

Definition 4 (Definition 3.1 in [10]) Let P be a
polytope and w : P — 7(P) a linear projection. A
face F C P is strictly preserved under w if w(F) is

a face of w(P) combinatorially isomorphic to F'; and
7 Y (w(F)) =F.

For the restatement of Theorem 1 we use the
following auxiliary lemma. Recall that the (n,k)-
hypersimplez is the polytope:

A= conv{x € {0,1}" ‘ Z T; = k}

1<i<n

Lemma 5 The existence of a convex embedding of
Kflk) into R? is equivalent to the existence of a lin-
ear projection of the hypersimplex A,  to R? that
strictly preserves its (}) vertices.
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Proof. For n > k > 1, let V.= {vy,...,v,} be the
vertex set of K,(f). To any embedding f : V — R¢ we
associate the linear projection m : R® — R given by
7(k - e;) = f(v;). Notice that m maps the vertices of
A, i to the barycenters of k-subsets of f(V'). These
are in convex position if and only if all the vertices of

Ay, i, are strictly preserved by . ([

For a d-polytope P C R% and a linear projection 7 :
R? — R®, the Projection Lemma [10, Prop. 3.2] gives
a criterion to characterize which faces of P are strictly
preserved by 7 in terms of the associated projection
7:R% — R9=¢ onto the kernel of 7 (cf. [8, Sec. 3.2]).

Lemma 6 (Projection Lemma [10, Prop. 3.2])
Let P C R% be a d-polytope, 7 : R* — R® a linear
projection, and 7 : RY — R9¢ be the associated
projection onto the kernel of 7.

Let F C P be a face of P and let {n;|i€ I}
be the normal vectors to the facets of P that con-
tain F. Then F is strictly preserved if and only
if {r(n;)|i € I} positively span R?~¢; je. if 0 €
int conv {7(n;) |7 € I}.

One last ingredient is the dimension and hyperplane
description of A, j, which are well known (see for
example [9, Ex. 0.11]).

Lemma 7 The hypersimplex A, is (n — 1)-
dimensional, has (Z) vertices, 2n facets and the in-
equality description

App = { in:k}ﬁm {xl ZO}QH {xl < 1}.

i€[n] i€[n i€[n]

From here, we proceed as follows. Assume that
there is a good projection w: R"~1 — R? that strictly
preserves all the vertices of A, ;. Then Lemma 6
would ensure certain positive dependencies on the vec-
tor configuration induced by the image of the normal
vectors to facets of A, , under the projection 7 to
the kernel of m. We state explicitly these dependen-
cies below.

By the description in Lemma 7, A, ; has 2n facets
whose normal vectors we may pair up as {m;,n;},
where m; corresponds to the inequality z; > 0 and n;
corresponds to the inequality ; < 1 for ¢ € [n]. They

satisfy
Z n;, = 0.

1€[n]

m; +n; =0 for ¢ € [n] and Zmi:
1€[n]

Combining Lemma 6 with the facial structure of the
hypersimplex, we get:

Lemma 8 The existence of a good projection T
with associated normal projection 7 implies that
7({n;,m; |i,j € [n]}) is an (n — d — 1)-dimensional
configuration of vectors with the following strictly
positive dependencies:
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a) 0 € int conv{r(m;) : ¢ € [n]},
b) 0 € int conv{7(n;) : i € [n]},
¢) 0 € int conv{r(m;), 7(n;)} fori € [n],

d) 0 € intconv({r(m;):i€ J}U{r(n;):i€1l})
for every disjoint I,J C [n], |I| =k, |J| =n—k.

e) 0 € intconv({r(m;):iel}U{r(n;): i€ J})
for every disjoint I, J C [n], |I| =k, |J| =n — k.

Note that the configuration of vectors is symmetric
around the origin. This has another important inter-
pretation that we will use later on.

Corollary 9 A good projection 7 : R*~1 — R? ex-
ists for Ay, i, if and only if it exists for Ay, ..

Of course, A,, , and A, ,,_, are affinely equivalent,
so Corollary 9 should not be too unexpected. How-
ever, the fact that cd(K,(Lk)) = cd(KT(L"_k)) is not en-
tirely obvious from the definition of cd. It also has
an alternative short geometric proof. Suppose f is
a convex embedding of Ky(Lk) into R%. Consider the
barycenter b of f(V). The barycenter a of any k-
subset of f(V'), the barycenter ¢ of the complemen-
tary (n — k)-subset and b are collinear. The segment
ac is split in ratio k : n — k by b. Therefore, the set of
(n — k)-barycenters is a homothetic copy of the set of
k-barycenters. Since the second is in convex position,
the first one is as well.

3 Proof of Theorem 1

By Corollary 9, we may assume from now on that
n > 2k.

The case k = 1 is easy, as k-barycenters degenerate
to the vertices of the set, and we need them to be in
convex position. For n = 2 we need dimension 1, and
for n > 3, dimension 2 is enough, as we may take any
n-gon. So we may assume k > 2.

By the definition of cd, we have monotonicity on n,
because if n increases, we are required to preserve
more hyperedges. In other words,

cd(KT(LIf)) > cd(K ) for n' > n.
Hence, it is enough to prove that:
cd(K®) =n — 2 for n € {2k, 2k + 1, 2k + 2}.
Indeed, this implies by monotonicity that
cd(K®)) > 2k for n > 2k + 2.

This inequality is tight by [6]. We obtain a valid con-
struction by mapping the vertices of A, _1 to points
in the moment curve in R?*. We get a k-neighborly
polytope, and thus the k-barycenters of the projected
vertices are in convex position.

The lower bound for the key cases n € {2k,2k +
1,2k + 2} is given by the following lemma.
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Lemma 10 For k > 2 and | € {0,1,2}, the hyper-
simplex Aoy 1, has no codimension 2 projection that
preserves all its vertices.

Due to space constraints we provide only a sketch
of the proof. By Lemma 8, a codimension 2 projec-
tion implies the existence of a specific configuration of
vectors in R? with specific strictly positive dependen-
cies. Using a halving line, it is possible to show that
all these dependencies cannot hold simultaneously.

To finish the proof, we need a construction that
matches the lower bound.

Lemma 11 Every hypersimplex A, of dimension
at least 3 has a codimension 1 projection that strictly
preserves all its vertices.

This is obvious for k € {1,n — 1}, and for 2 < k <
n—2, it can be verified by showing that the vertices of
an (n — 2)-dimensional simplex with an interior point
form a set of n points all whose k-barycenters are in
convex position.

4 Hypergraphs with many barycenters in convex
position

Now we turn our attention to the maximum number
of barycenters in convex position that a uniform hy-
pergraph of fixed dimension may have. First, we give
a lower bound by mapping a complete k-partite k-
uniform hypergraph. For this we use the following
particular version of a result by Matschke, Pfeifle and
Pilaud:

Theorem 12 (Theorem 2.6 in [7]) There are sets

Ii,...,I, C R, with |I;] = n for all i such that the
polytope
P :=conv{(a1,as,...,a, Z a?)},
i€[k]
where (a1, ...,ax) ranges over Iy X - - - X Iy, has all its

possible n¥ vertices.
Proof. [Proof of Theorem 3| Let
I, = {ail,...,am} CRforie [k’]

be the sets given by Theorem 12. Let V = Vi U- - UV},
n, where

Vi ={vir, ..., vin} for i € [k].
Consider the mapping f : V — R**! given by
flvig) =k (ai; -e; + a?jekﬂ).

Any hyperedge from A%kzln is obtained by choos-
ing one vertex from each V;, so every k-barycenter is
precisely of the form

(a1,ag,...,a%, Z a?)

i€[k]
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for a; € I;. By Theorem 12, all these barycenters lie
in convex position, so f is indeed a convex embedding
into RF+1, U

Now we focus on upper bounds for g;. Fix k and
1 < d < 2k—1. Using Theorem 1, we obtain that the
)

. k
maximum value n = ng so that KT(L has a convex

embedding into R? is for d > 2

if d e {2k — 3,2k — 2,2k — 1},

S C A
bk = if1<d<2k—4.

5] + &
(1)
and ford=1,n11 =1, n2=2and n;, =k —1 for

k> 3.
The first values of ng are contained in Table 4.

kK\N\d|1 2 3 4 5 6 7 8 9 10
1 1

2 2 4 5

3 2 4 5 6 7

4 35 5 6 7 8 9

5 4 6 6 7 7 8 9 10 11

6 5 7 7 8 8 9 9 10 11 12
7 6 8 8 9 9 10 10 11 11 12

Table 2: Values of ngj, for small values of d and k.

We recall the following bound for Turan numbers
for complete hypergraphs by de Caen [3]:

Theorem 13 A k-uniform hypergraph with no com-
plete K ék) as an induced subhypergraph can have at

most
1 n—0+1 1 & &
EX =—(1- :
(n,k,0) 1 ( e (f;i))n +o(n")
edges.

The proof of Theorem 2 follows from 13 and the
values given in (1). Due to space constraints, we omit
the details.

5 Concluding remarks

The results in this abstract form part of a larger
project in which we study projections that preserve
skeleta of hypersimplices. In terms of k-sets, these
higher dimensional faces of projected hypersimplices
correspond to (i, j)-partitions, cf. [1].

An extended analysis of the sketched technique
yields the following more general result. Let d =
d(n, k,i) be the smallest dimension for which we can
find a projection 7 : A,, j, — R? that strictly preserves
the i-skeleton of A, .
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Theorem 14 Given integersn > k > 1 and 0 < i <
n — 1, the value of d(n, k,i) is determined as follows.
Let

Ani={0,1,2,...,i+1}U{n—i—1,n—4,...,n}
By,={2k—2i—1,...,2k+2i+1}.

Then
2t + 2k ifn > 2i+ 2k +2
2n —2i4+ 2k ifn<2i—2k—2
R A
n—1 lf’I’LEBi,k,kEAn,i
n—2 jf’ﬂEBi,k,k¢An7i

For values of ¢ > 1 an extended version of Lemma 10
has to be used, and an additional behaviour appears
for values of k£ smaller than ¢ + 1 and larger than
n—k—1, similar to what happens in the results above
for k=1 and k = n — 1. Similarly, the constructions
for upper bounds require a more careful analysis. The
details are much more involved and out of the scope
of this abstract.
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